Abstract. Let M be a closed (n − 1)-connected 2n-dimensional smooth manifold with n ≥ 3. In terms of the system of invariants for such manifolds introduced by Wall, we obtain necessary and sufficient conditions for M to admit an almost complex structure.
Introduction
First we introduce some notations. For a topological space X, let Vect C (X) (resp. Vect R (X)) be the set of isomorphic classes of complex (resp. real) vector bundles on X, and let r : Vect C (X) → Vect R (X) be the real reduction, which induces the real reduction homomorphismr : K(X) → KO(X) from the reduced KU-group to the reduced KO-group of X. Let M be a 2n-dimensional smooth manifold with tangent bundle T M. We say that M admits an almost complex structure (resp. a stable almost complex structure) if T M ∈ Imr (resp. T M ∈ Imr). Clearly, M admits an almost complex structure implies that M admits a stable almost complex structure. It is a classical topic in geometry to determine which M admits an almost complex structure. See for instance [15, 5, 9, 13] . In this paper we determine those closed (n − 1)-connected 2n-dimensional smooth manifolds M with n ≥ 3 that admit an almost complex structure.
Throughout this paper, M will be a closed oriented (n − 1)-connected 2n-dimensional smooth manifold with n ≥ 3. In [14] , C.T.C. Wall assigned to each M a system of invariants as follows. These invariants satisfy the relation ([14, Lemma 2])
where ∂ is the boundary homomorphism in the exact sequence
of the fiber bundle S O n ֒→ S O n+1 → S n , and ι n ∈ π n (S n ) is the class of the identity map.
KO(S n ) the composition map, then from (1.1) and (1.2)
can be viewed as an n-dimensional cohomology class of M, with coefficient in KO(S n ). It follows from Kervaire [8, Lemma 1.1] and Hirzebruch index Theorem [7] that the Pontrjagin classes p j (M) ∈ H 4 j (M; Z) of M can be expressed in terms of the cohomology class χ and the index τ of the intersection form I (when n is even) as follows (cf. Wall [14, p. 179-180] ). Lemma 1.1. Let M be a closed oriented (n−1)-connected 2n-dimensional smooth manifold with n ≥ 3. Then ii) In the cases 2) and 3) of Theorem 2, when the conditions are satisfied, the almost complex structure on M depends on the choice of x. This paper is arranged as follows. In §2 we obtain presentations for the groups KO(M), K(M) and determine the real reductionr : K(M) → KO(M) accordingly. In §3 we determine the expression of T M ∈ KO(M) with respect to the presentation of KO(M) obtained in §2. With these preliminary results, Theorem 1 and Theorem 2 are established in §4.
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The real reductionr : K(M) → KO(M)
According to Wall [14] , M is homotopic to a CW complex (∨ 
where the horizontal homomorphisms Σ f *
and f respectively, and where Σ denotes the suspension.
Let Zβ (resp. Z 2 β) be the infinite cyclic group (resp. finite cyclic group of order 2) generated by β. Then the generators ω Table 2 .
. Then the presentations of the groups K(M) and KO(M) as well as the real reductionr : K(M) → KO(M) can be given as in
Proof. We assert that
Denote by c : KO(X) → K(X) the complexification. Then by (2.1), combining these assertions with the fact thatr • c = 2, all the results in Table 2 are easily verified.
Now we prove assertions a) and b).
Firstly, by the Bott periodicity Theorem [3] , we may assume that the horizon- Finally we prove (ii) of assertion b). For the cases n 1, 2 (mod 8) the proof is similar to (i).
Case n ≡ 1 (mod 8). From (2.1), Table 1 and (i) we get that K(M) Z and KO(M) is a finite group. Therefore, for each x ∈ KO(M), we have 2x =r •c(x) = 0, which implies (ii) of assertion b) in this case.
Case n ≡ 2 (mod 8). By (i), we may write K(M) as 
J being the J-homomorphism and g ∈ ⊕ 1≤i< j≤k π 2n−1 (S 2n−1 i j ). Moreover, since the suspension of the Whitehead product is trivial, it follows that the homotopy group π 2n+7 (∨ k j=1 S n+8 j ) can be decomposed as:
, and accordingly Σ 8 f can be decomposed as: 
which collapses ∨ λ j S n+8 λ to a point, it's easy to see from [1, proposition 7.5, Proposition 7.8] and the naturality of Adams operation that
for each η j , and for some l ∈ Z. Therefore from
Rr (η j ) = −r(η j ) + 2lr(ξ). That is 2r(η j − lξ) = 0. But from (2.1) and Table 1 , we get
Thus (ii) of assertion b) in this case is established and the proof is finished. 
Similarly, when n is even, η j , 1 ≤ j ≤ k, can be chosen such that
, 
then since the tangent bundle of sphere is stably trivial, it follows that
The tangent bundle of M
Denote by dim c α the dimension of α ∈ Vect C (M). When n ≡ 0 (mod 4), we set
where ch denotes the chern character, andÂ(M) is the A-class of M (cf. Atiyah and Hirzebruch [2] ). It follows from the differentiable Riemann-Roch theorem (cf. Atiyah and Hirzebruch [2] ) thatÂ(M),Â C (M) andÂ χ (M) are all integers. In particular,Â χ (M) is even when χ ≡ 0 (mod 2).
Using the notation above, we get 
Proof. Case n ≡ 0 (mod 8). By Remark 2.3, we may suppose that
, where l ∈ Z. Hence fromr • c = 2 and Table 2 , we have
. Now if we regard ξ and χ j as complex vector bundles, then from (3.1) we have
for some s, t ∈ Z satisfying
, where ε j is the trivial complex vector bundle of dimension j. Thus we havê
Cases n ≡ 2, 4, 6 (mod 8) can be proved by the same way as above. Note that in the case n ≡ 2 (mod 4) the calculation ofÂ C (M) is replaced by the calculation of the n-th chern class of T M ⊗ C. ii) case n ≡ 1 (mod 8). By Remark 2.3, we may suppose that
where l ∈ Z 2 . Then if χ = 0, we have l = 0 because T M = 0. If χ 0 and l 0, suppose that χ λ 0 for some 1 ≤ λ ≤ k, set
Hence γ, ζ Proof of Theorem 1. Cases 1) and 2) n ≡ 0 (mod 4). In these cases, we get that (cf. Wall [14, p. 179-180] )
Hence by Lemma 1.1 we havê
Moreover since the denominator of B m , when written as the most simple fraction, is always square free and divisible by 2 (cf. Milnor [11, p. 284 
B n/2 B n/4 · nτ 2 n is a 2-adic integer, and hencê
Then by combining these facts with Lemma 2.1 and Lemma 3.1, one verifies the results in these cases.
Cases 3) and 4) n 0 (mod 4) can be deduced easily from Lemma 2.1 and Lemma 3.1.
To prove Theorem 2, we need the following lemma (see Sutherland [13] for the proof). 
Now we prove Theorem 2 case by case.
Case 1) n ≡ 0 (mod 4). In this case e(M) = k + 2. From Lemma 4.1 we know that M admits an almost complex structure if and only if there exists an element α ∈ K(M) such that (4.2) is satisfied. Now (4.3) becomes
it follows that Case 5) n ≡ 3 (mod 4). The proof is similar to the proof of case 4).
